Predicate Logic

Adapted From: Zhaoguo Wang

2 (BEZES5EGR) H4E, BEE



Predicate Logic ( 18132248 )

- — 1 1.2 First Order Logic —

Step 1. Convert it into
first order logic formula.




Propositional Logic This is complicated ]

void f(bool a, bool b)
{ formula{X1 = [00...01]}A
unsigned x, y; -
if (3) formula{ X2 = [00...00] }A
X =1; formula{Y 4 = [00...01]} A
else
X = 0 ‘ formula{Y5 = [00...00] } A
O Mio..s1 (X3; ¢ (AA XLV (RA A X2)A
else Ni=o,..31 (Y6; <> (BAY4;) V (=BAYS;)) —
y = 0; o
assert(x +y > 0); formula{ X3+ Y6 > 0}
} /\

[ How to simplify it? ]




Predicate ( 1814 )

-

\

DEFINITION
Predicates describe properties of individuals (M4i#]) .

The range of individuals is domain of discourse (i) .

@\lﬁdua%]

STRONGER(Tom, Jerry)

( /\

We Use upper-case worels to
represent predicates.

~\




Predicate ( 1814 )

-

\

Predicates describe properties of individuals (M4i#]) .

DEFINITION 2

The range of individuals is domain of discours/”

Tom andl Jerry are

{Jlis
(i

(AR T

tndividual constants.

J

-
1 |
f i D
i 4
<

STRONGER(Tom, Jerry)

( , )
STRONGER is a predicate

constant. IR E D)

. J




Predicate ( 1814 )

|

NOTE

Each predicate maps individuals to T or F.

r

N
STRONGER maps Tom anol

Jerry to T or F.

J

~_|

STRONGER(Tom, Jerry)



Predicate ( 1814 )

s NOTE
Each predicate has an associated arity, a natural number indicating

how many arguments it takes.
.

STRONGER(Tom, Jerry)
/\

STRONGER takes two
AYQUIMELINLS.




Predicate ( 1§14 )

. NOTE

Each predicate has an associated arity, a natural number indicating

how many arguments it takes.
.

P(ZEl,...,ZCn) 7:5

r—w{rg\predicate A Equality is a special
(WITiBIR)D . predicate of arity 2.




Predicate ( 1§13 )

P(lel, cens ZEn)

N\

\_

[t Ls not a pmpositiow. Because PLs a preol’wate
variable GBIRIZRIR) and xs are individual

variables (MEZETN) . itis a propos’uciow owLH
whew theg are all constants.

/




Predicate ( 1§13 )

formula{X1 = [00...01]}A rl = 1A

formula{X2 = [00...00] } A 2 = 0N

formula{Y 4 = [00...01]}A yd = 1A

formula{Y5 = [00...00] } A ‘ yH = OA

Ni=o...31 (X3; < (AN X1,)V (mAANX2))A Ni=o...31 (23; = (a A xl;) V (ma A 22;))A\
Ni=o,..31 (Y6; <> (BAY4) V (mBAYS;)) — Ni=o,...31 (¥6; = (b A y4;) V (—b A ybi)) —
formula{X3+ Y6 > 0} formula{x3 + y6 > 0}

_—— \

[ After introducing predicates ]




Predicate ( 1§13 )

formula{ X1 = [00...01] } A rl = 1A
formula{X2 = [00...00] } A 2 = 0N
formula{Y 4 = [00...01]}A yd = 1A
formula{Y5 = [00...00] } A ‘ yH = OA
Ni=o...31 (X3; < (AN X1,)V (mAANX2))A Ni=o...31 (23; = (a AN xl;) V (—a A 22;))A\
Ni—o...31 (Y6; <> (BAY4,)V (mBAYH;)) — Ni=o....31 (Y6; = (bAyd;) V (=bAy5;)) —

formula{X3+ Y6 > 0}




Function ( E&${ )
’ DEFINITION \

A function maps individuals to an individual instead of T or F.

Functions are represented by lower-case words.

M’ww/with one ar@umew’c]

best friend(SpongeBob) = PatrickStar

[ preolic/am




Function ( ERZ%L )
: DEFINITION \

A function maps individuals to an individual instead of T or F.

Functions are represented by lower-case words.

[ Not a proposition ]
\/
|bestfriend(5p0ngeBOb) |: PatrickStar




Function ( ERZ%L )
: DEFINITION \

A function maps individuals to an individual instead of T or F.

Functions are represented by lower-case words.

@POSMOW ]

|bestfriend(5p0ngeBOb) = PatrickStar |




Function ( E&${ )

When working in predicate logic, be careful to keep individuals
(actual things) and propositions (true or false) separate.

best friend(SpongeBob) 2, PatrickStar

Dot Use conmectives to |
assoctote tndividuals.

A\

not(T) = F

Functlons cannot apemte A
O proposi,ti,o NS.

.




The Type-Checking Table

arguments results

connectives propositions a proposition
predicates individuals  a proposition
functions iIndividuals  an individual




Examples N

Predicate Logic s an expansion
of propositional Logic.

J

Propositional logic
« Equality: no
* Predicates: P, Q, R, ...
* Functions: no

PropositiowaL variables can be
treated as vu/cLLarg predicates.

Number theory
« Equality: yes
* Predicates: >, <, ...
* Functions: +, -, ...

J




Function ( E&${ )

xl = 1A
x2 = 0N
yd = 1A
yd = OA

/\2':0 ..... 31 (583 — (CL N xl; ) (ﬁCL A\ 3321))/\
Ni=o,...,31 (Y6; = (b A yd;) V (mb A yb;)) —

.....

formula{x?) + y6 > 0}

te: adx1:x
rl = 1A
xr2 = 0OA
y4d = 1A
) y5 = OA

x3 = ite(a,x1, x2)A
y6 = ite(b, y4,y5) —
sum(x3,y6) > 0



Function ( ER% )

xl = 1A xl = 1A

x2 = OA x2 = 0OA

y4d = 1A yd = 1A

y5 = OA ) y5 = OA

Ni=o....31 (23; = (a AN xl;) V (ma A 22;))A\ 3 = ite(a, 1, x2)A\
Ni=o,...31 (¥6; = (b A y4i) V (b A ybi)) — y6 = ite(b, y4,y5) —
formula{af?) + 46 > 0} sum(x3,y6) > 0

N

[We reserve logical connectives. J




Function ( ER% )

4 There are some tnaividual )

zl = 1A vartables. it s not a real
29 — OA proposition. But we cannot
yd = 1A 4\ replace them with constants. y

yd = OA

x3 = ite(a,x1, x2)A
y6 = ite(b, y4,y5) —
sum(x3,y6) > 0

p
How to express “for all
Lntegers”?




Quantifier ( £17] )
; DEFINITION \

A quantifier turns a formula about individuals having some property into

a formula about the number (quantity) of individuals having the property.
. J
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The Universal Quantifier ( Z#RE15 )

-

DEFINITION

The universal quantifier expresses that a proposition can be satisfied
by every member of the domain of discourse, which is interpreted as

Cgiven any" or "for all".

~N

A(ALL toys look Like Jewg.]

(V) (LIKEJERRY (z))




The Universal Quantifier ( Z#RE15 )

-

DEFINITION

The universal quantifier expresses that a proposition can be satisfied
by every member of the domain of discourse, which is interpreted as

Cgiven any" or "for all".

~N

( , )
it is the scope (BEED of

the universal quantifier.
— y

(Vz)(LIKEJERRY (z))|




The Universal Quantifier ( Z#RE15 )

-

Cgiven any" or "for all".

by every member of the domain of discourse, which is interpreted as

DEFINITION ~

The universal quantifier expresses that a proposition can be satisfied

J

it is a bownd variable (Z1RARTG) .

.

r \
X 1s bounol bg the universal quantifier.

J

;
(z) (LIK EJERRY (z))




(Vz)(MOUSE(x))






The Universal Quantifier ( Z¥R£15 )

Domain is empty.

(va)(MOUSE(z)) [TRUE




The Existential Quantifier ( FE =14 )

- DEFINITION ~N
The existential quantifier expresses that a proposition can be satisfied

by some member of the domain of discourse, which is interpreted as

Cthere exists", "there is at least one", or "for some". y

A[There exists a reaUerrg}

(3z)(ISJERRY ()




The Existential Quantifier ( F1&

il

(3z)(ELEPHANT (z))



The Existential Quantifier ( FE =14 )

(3z)(ELEPHANT (z))




The Existential Quantifier ( FE =14 )

Domain is empty.

(32)(ELEPHANT(z)) (¢ .L)



Quantifier ( £17] )

-
The blue rectanogle is the

scope of “exists x”.

N

\/
(Fz)(Vy)z < y))

f

X anol Yy are all
bound variables.

.

The red rectangle is the
scope of “for all Yy”.

N




Quantifier ( £17] )

r

.

N
Generally, we don't

use repeates names.

—

f Vd
The flrst x is a
bouwnd variable.

\_

r

The red rectangle Ls

~

the scope of “exists x”.

J

(HHZJ) .

\_

~

The second x s a free variable

[t s not
bounsl b@ any quantifiers.

J




Quantifier ( £17] )

Proposition should not include free variables

There are two ways to eliminate free variables
* Replace free variables with constants
» Use quantifiers to convert free variables to bound variables

We can change the name of bound variables (%57t 5 4 )

(Vy)(LIKEJERRY (v)) = (Va)(LIKEJERRY (z))



Quantifier ( £17] )

e
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Quantifier ( 213 )

To understand quantifiers better,
we can discuss quantifiers with
finite domain of discourse.



Quantifier ( £17] )

Assuming that domain include k elements {1, 2, ..., k}.

Then



Exercise

Now the domain is {1, 2}.

-
Can You convert these

expressions to be quantifier-free
.

N

< Q)
¢ PAT” N
£

\ o\




N R R
Lo < >

- - 1./ 2.;
™ N~
Wl\ Wl\ AURINAE

Quantifier ( £17] )
)
)
)
)

S A‘};l\.‘
N
L2 i
D), vl
p AA)
V/ =
J /,)

(The conversion can help u
unoerstang some
_ Lmportant properties.




Quantifier ( £17] )

[ The two different quantifiers
cannot be swapped. But what
the relatlon between them?




Quantifier ( £17] )

N— e N N N N

(3x)(Vy)P(z,y) = (Vy)(Iz)P(z,y)



Quantifier ( £17] )

xl = 1A (Val)(Va2)(Vyd)(Vx3) (Vy5) (Vy6)(Va)(Vh)(
x2 = 0N zl =1/
yd = 1A x2 = 0N
y4d = 1A
5 = 0A ‘
Y yd = OA
x3 = ite(a,xl, x2)A 13 = ite(a, 21, 22)A
y6 = ite(b, y4,y5) — y6 = ite(b, y4, y5) —
sum(z3,y6) > 0 P sum(z3,y6) > 0)

[Aﬁer Lntroducing quantifiers J




Well-formed Formula ( XX 2% )

We can use predicates, functions, quantifiers, individuals and
connectives to build many expressions. But not all of them have
legal semantics.



Well-formed Formula ( XX 2% )

Parameter requirements:
* Predicates can only operate on individuals
* Functions can only operate on individuals
* Quantifiers can only bound individuals

Symbol writing:
* Propositional variables: p, q, r, ...
* Individual variables: x, y, z, ...
* Individual constants: a, b, c, ... or upper-case words
* Predicate variables: P, Q, R, ...
* Predicate constants: upper-case words
* Functions: f, g, ...



Well-formed Formula ( XX 2% )

DEFINITION ]

Terms are expressions generated from the individuals by the functions.

- DEFINITION \

An atomic formula (R 71517 /A30) is an expression of the form

P(x1, ..., xn) where P is a predicate of arity n and x1,. . . ,xn are terms.
. J




Well-formed Formula ( XX 2% )

INDUCTIVE DEFINITION of WFF
4 A

1). Every atomic formula is in WFF.

2). If A and B are WFFs, so are (=A), (AAB), (AvB), (A - B), and

(A < B). There is no variable which is bounded in one wif and free in

the other wiff.

3). If Aisa WFF and x is free in A, then (Vx)A, (3x)A are wffs.

\4). No expression is WFF unless forced by 1), 2) or 3). /




Well-formed Formula ( XX 2% )

P itional Logi Predicate Logi
/— ropositiona oglcﬂ / redicate Logic \

: " 1). Every atomic formula is in WFF.
1). Every single proposition

(symbol) is in WFF. 2). If A and B are WFFs, so are (=A), (AAB), (AV B),

2). If A and B are WFF, so (A - B), and (A < B). There is no variable which is bound

are (-A), (AAB), (Av B),

(A— B), and (A & B). in one wff and free in the other wff.

o 3). If Aisa WFF and x is free in A, then (Vx)A, (3x)A are
3). No expression is WFF

unless forced by 1) or 2). wifs.

\ / \4) No expression is WFF unless forced by 1), 2) or 3). /




Exercise

(dz)(Va)P(x)
(Jz)P(y, )

(Vx)(P(x) = (Jy)Q(x,y))



Exercise



Well-formed Formula ( XX 23 )

All rational numbers are real numbers.

(Vz)(P(z) — Q(x))
P means x Ls a R EANS X LS O
ratlonal number. real nunibey.

Some real numbers are not rational numbers.

A means x Ls a real B means x Ls a
nwumber. ratlonal numiber.

(3z)(A(z) A —~B(x))



Validity ( B )

{

void f(bool a, bool b)

unsigned X, y;

if (a)

X = 1;
else

X = 0;
if (b)

y = 1;
else

y = 0;

assert(x +y > 0);

(V1) (V22)(Vy4)(Va3) (Vy5) (Vy6)(Va) (VD)(

xl = 1A
2 = 0N

y4 = 1A the assertlon will
yd = OA 4 not fa’LL )

" \We want to prove T
LS aLwaHs true. Then

x3 = ite(a, xl, x2)A\

y6 = ite(b, y4,y5) —

sum(x3,y6) > 0)



Validity ( B )

- DEFINITION

The interpretation (fi#%:) of predicate formula includes predicate

variables, propositional variables, functions and free individual

variables.
\_

- DEFINITION

If a formula is always true under any interpretations, it is universally
valid (gD . (Vo) (P(z) vV ~P(z))

\.




Validity ( B )

- DEFINITION

f a formula is true under some interpretation, it is satisfiable (7] &
1) (Va)P(z)

) AlL positive tntegers are
greater thaw oO.

J

- DEFINITION

If a formula is always false under any interpretations, it is unsatisfiable

(AR L (V) (P(z) A=P(x))




Validity ( B )

a )
what Ls the relatlon between uwi,versaug vallsl
formula and satistiable formula tn predicate Logic? \

\_




Validity ( B )

e RELATION

1) P is universally valid iff -P is unsatisfiable

2) P is satisfiable iff -P is not universally valid

g
(V1) (Va2)(Vyd)(Va3)(Vy5)(Vy6)(Va) (Vh)( —(Vel)(Va2)(Vy4) (Va3) (Vy5) (Vy6) (Va) (Vb)(
xl = 1A N xl = 1A N
=0 MWWEY,SQLLH = unsatisfiable
yd = 1A vallol ) - yd = 1A )
Yo = OA yo = OA
x3 = ite(a, x1, x2)A\ x3 = ite(a, xl, x2)A
y6 = ite(b, y4,y5) — y6 = ite(b, y4,y5) —

sum(xz3,y6) > 0) sum(xz3,y6) > 0)



Decision Problem ( #IEol& )

- DEFINITION

Decision problem in predicate logic is whether there is an effective

algorithm to determine if a formula is universally valid.
G

I~

r D
The algorithm must be automatic

and terminate in flnite steps.
. J

[ s predicate Logic decidable? }




Decision Problem ( #IEol& )

P Q PVQ

T T F - ~

F T T Propositional Logic s a special

T F T predicate Logic. It is decidable

F F F because we can use truth table -
to determine the validity. .5:

A P !
B / //\ \ _ \
Ny



Decision Problem ( #IEol& )

2c+y— z= 8 2 1 -1 8 1 0 0
3z —y+2z2=-11 mp 3 -1 2 -11 =) 010
—2x+y+2z= -3 -2 1 2 =3 0 0 1




Decision Problem ( #IEol& )

* Predicate logic is not decidable
* Predicate logic with finite domain is decidable
* Formula with only unary predicate variable is decidable

* The following forms are decidable
(Vz1)...Vx,)P(zy, ..., x,)
b

(Fz1)...(3x,) Py, ..., x,)



Decision Problem ( #IEol& )

That is why we need deduction.

-
we have uses deductlon tin

propositional Logic




Deduction ( #3E )

mw/% meLwatLow ]

Prove (P - (Q - S)A(-RVP)AQ =R —S.

LN 2 introduce premise
2)R —» P / t rul
- - mferewce rule | rePacement e

introduce premlse

(1)

(2)

(3)

(4)P Hypothetical reasoning on ( (3)
(S)P o (Q —)(C\ intradic

(6)Q — S Many terms, rules and

(MQ ymbols can be introduced i
(8)5 from propositional Logic

(9R— S crewrreTroT T




Deduction Formula ( #EAT )

There are many important tautology implication expressions.

They can be used to produce new theorems.

—I(P — Q) = P z , Y )
Tautology tmplication tn
~(P= @)=~ propositional Logic can also
PAN(P— Q)= be applied here.
(P>Q)AN(Q—R)=P—>R \ J

PANQ =P
P=PV{Q



Deduction Formula ( #EAT )

(32)(P(z) A Q(x)) = (3z)P(z) A Bz)Q(x) ™M
(32)P(z) A (32)Q(x) = (3z)(P(z) A Q(x))

[ Does Lt also holol? (




Deduction Formula ( #3223 )

( , )
> LS O WMOUSE anel
X LS A4 mouse. ] X ) ouse
X s an eLe@L

(32)P(2) A (B32)Q(x) = (32)(P(x) A Q(x)) B
[x LS an eLem

[ ,
The arrow LS not

. bi-directional.




Deduction Formula ( #EAT )

~

They can be
understood through

N S S SN N

e’ N N N N SN SN
AN TN TN TN TN N

e e e v N v e’

semanties. (5.4.3) y




Deduction Calculus ( ##IE/EE )

We now introduce an example to explain deduction calculus.

Premise : (Vx)(P(x) = Q(x)), (Vx)(Q(x) — R(x))
Conclusion : (Vx)(P(z) — R(x))

Proof.

-

we can still use some tnference

~N

rules Ln propositional Logie. }
<% __

;,A’.
o — Z
(==



Deduction Calculus ( ##IE/EE )

We now introduce an example to explain deduction calculus.
Premise : (Vx)(P(x) = Q(x)), (Vx)(Q(z) — R(x))
Conclusion : (Vz)(P(x) — R(x))
Proof.
(H)(Vz)(P(z) = Q(x)) introduce premise

N\
~ ™

we can still use some tnference
rules Ln propositional Logie.




Deduction Calculus ( ##IE/EE )

We now introduce an example to explain deduction calculus.

Premise : (Vx)(P(x) — Q(x)), (Vz)(Q(x) — R(x))
Conclusion : (Vx)(P(z) — R(x))

Proof.

(H)(Vz)(P(z) = Q(x)) introduce premise

(2)P(x) — Q(x) remove universal quanti fier
4

(EMREFHEZEIN]D xis an \/

arbb’crarg inattvislual L the domain

and Lt is free tn P and @
\_ J




Deduction Calculus ( #IEEE )

We now introduce an example to explain deduction calculus.

Premise : (Vx)(P(x) = Q(x)), (Vx)(Q(x) — R(x))
Conclusion : (Vz)(P(x) — R(x))

Proof.
(H)(Vz)(P(z) = Q(x)) introduce premise
(2)P(x) — Q(x) remove universal quanti fier

(3)(Vz)(Q(z) — R(x)) introduce premise



Deduction Calculus ( ##IE/EE )

We now introduce an example to explain deduction calculus.

Premise : (Vx)(P(x) — Q(x)), (Vz)(Q(x) — R(x))
Conclusion : (Vx)(P(z) — R(x))

Proof.

(1)(Vx)(P(x) — Q(x)) introduce premise
(2)P(x) — Q(x) remove universal quanti fier
(3)(Vx)(Q(x) — R(x)) introduce premise
(4)Q(x) — R(x) remove universal quantifier

[ emmanEn [




Deduction Calculus ( ##IE/EE )

We now introduce an example to explain deduction calculus.

Premise : (Vx)(P(x) = Q(x)), (Vx)(Q(x) — R(x))
Conclusion : (Vx)(P(z) — R(x))

Proof.

(1)(Vx)(P(x) — Q(x)) introduce premise
(2)P(x) — Q(x) remove universal quanti fier
(3)(Vx)(Q(x) — R(x)) introduce premise
(4)Q(x) — R(x) remove universal quanti fier
(5)P(x) — R(x) syllogism on (2)(4)

Bt [

1]




Deduction Calculus ( ##IE/EE )

We now introduce an example to explain deduction calculus.
Premise : (Vz)(P(x) — Q(x)), (Vx)(Q(z) — R(x))
Conclusion : (Vz)(P(x) — R(x))
Proof.

( (RAHBATAMD fany
element L the domain satisfies
the property and x is free in P

)

)
1)Q(z) — R(x) and =, we can use the rule. y
5)P(z) — R(x) —\ _~OUETOnT T

)

6)(Vx)(P(x) — R(x)) introduce universal quanti fier




Deduction Calculus ( ##IE/EE )

We can also remove existential quantifier (fFZE&1a7H =N .

(dz)P(x) = P(c)
Y C is an lndividual J

constant.

(32)P(x) = (3z)(c < z) DK (32)P(z) = (x)(z > y) D
[ PSMDMLm (> should wotW

lnclude c.  free variables.

J




Deduction Calculus ( #IEEE )

We can also introduce existential quantifier (fZ1E &7 5] AFRN]) .

P(c) = (dz)P(x)
T C is an ndividual J

constant.

P(c) = (3z)(z > 0) g

[P should not 'Lm




Exercise

Premise : (Vx)(P(x) V Q(x)), (Vz)(Q(x) — ~R(x))
Conclusion : (3x)(R(z) — P(x))

O (¥x)(P(x) VQ(x)) Al

@ (V) (Q(zx)—> R(x)) A& |

@ P(x)VQ(x) O £FREEE
® Qo) R() © LHBANE
® " Q(x)—~P{x) @ B

©® R{zx)=Q(z) @ B

@ R(x)—~P(x) ®® =Eig

{ J£)(R{x)—~P(x)) @ FERIFZIA




Deduction Calculus ( ##IE/EE )

(Vx)(3y)P(z,y) = (3y)P(z,y) = P(z,a)

P(z,a) wm (Vz)P(z,a) == (3y)(Vz)P(z,y)

( , ":‘l\\
cawn we oo this reasowiwg?g oy




Deduction Calculus ( ##IE/EE )

(Vz)(3y)P(z,y) = (Jy)P(z,y) = P(x,a)

X

P(z,a) wm (Vz)P(z,a) == (3y)(Vz)P(z,y)

4 ; ":‘l\‘.
why?

’3’14 ]

(P,

L e ™
._’» \\_\




Deduction Calculus ( ##IE/EE )

(Vx)(3y)P(z,y) = (3y)P(z,y) = P(z,a)

X

P(z,a) wm (Vz)P(z,a) == (3y)(Vz)P(z,y)

(Because Y and a depend on.
X.

\.




Exercise

(1)(Vz)Fy)(x > y) introduce premise
(2)(Fy)(z > ) remove universal quanti fier
(3)z > b remove existential quanti fier
(4)(Vz)(z > b) introduce universal quanti fier
(5)b > b remove universal quanti fier
(6)(Vz)(x > x) introduce universal quantifier

[ s Lt right? L



Exercise
D) (Vz)(Jy)(x > y) introduce premise

2)(Jy)(z > y) remove universal quanti fier

5)b >0 remove universal quanti fier

(
(6)(Vz)(x > x) introduce universal quantifier



Resolution Reasoning(J3 45 3 %)

Deduction before depends on many
proof skills. Resolution reasoning
IS more automatic.



A Quick Recap

- DEFINITION
ForformulaA=Pv Q@ and B=—-PVR, R(A,B) =Q VR is aresolvent(

J94558) of A and B.

&

* To prove C= D, we just need to prove CA-Dis a contradiction

. _ N
Convert CA-Dto CNF P1AP2A... APn :‘I (PVQ)A(=PVR)

* Repeatedly produce resolvents from Pi = Q VR

* Find contradiction and proof ends

Now the matn pmbLem Ls how to
eliminate gquantifiers?




A Quick Recap

- DEFINITION

ForformulaA=Pv Q@ and B=—-PVR, R(A,B) =Q VR is aresolvent(
J94558) of A and B.

&

* To prove C= D, we just need to prove CA-Dis a contradiction

» Convert CA-Dto CNF P1AP2A... APn (PVQ)A(=PVR)

* Repeatedly produce resolvents from Pi = Q VR

* Find contradiction and proof ends

we can firstly move all
quantifiers to the left.




Prenex Normal Form(GiZRE 1)

- DEFINITION

A formula of the predicate calculus is in prenex normal form(PNF) if it is

written as a string of quantifiers and bound variables, followed by a

cquantifier-free part, called the matrix (BEz0/ZETD) .

\

(Q121)...(Qnry) M (21, ..., T))

[qua v»ti,]/ﬁ@




Prenex Normal Form(GiZRE 1)
- DEFINITION

A and B are equivalent if A and B have the same truth value under any

interpretation.

(A < Bis universallyvald /A=B/A & B

\

- THEOREM

Every formula in predicate logic is equivalent to a formula in prenex

normal form. (
\_

How to convert a formula to
| PNF? We need some equations.




Equivalence(Z:1#)

i double negation Law J
—=(Va)P(x) = (Vx)P(x)

(Vo) P(z) — (32)Q(z) = ~(Va)P(x) V (32)Q(x)

( SomLe equatiom,s L

propositional logic can be
divectly applied.




Equivalence(%fﬁ)

(V) P(

Tl
-(Vz)P(x
—(dx)P(x

I No x satisfies P.

5010

we neeodl to move “not”

Lnsiole.

EOREM

( ) P(x)

- P(x)

Y

Bvery x doesn't
satisty P.

~\

J




Equivalence(%:1E)
If the domain is {1, 2}

~(Vz) P(x)
==(P(1) A P(2))

—P(1) vV -P(2)
=(3z)-P(x) Morgan's law ]




Equivalence(Z1H)

We can prove through semantics.
-(Vz)P(z) = ()~ P(x)

~(Va)P(z) =T (Fz)~P(z) =
| |
P(z0) = F ~P(z0) =T
| |
P(20) =T P(z0) = F
| ]

(Jz)-P(z) =T ~(Vz)P(z)



Equivalence(Z1H)

If there are many quantifiers, we need to flip every

quantifiers and move “not” inside.

= (Vx)(Vy)P(z,y) = (3x)(Fy)-P(z,y)



Equivalence(Z:1#)

THEOREM

SRS S -
> > < <

AN TN TN TN

82 8 8 8

N S S N

LR R R

SN S S N
AN TN N N

= 8 8 8
> M1 > [T

S SN SN N

x has nothing to do with g. ]




THEOREM

Equivalence(51H)

J

and q.

.

w
a
NEDCIRCN N =
TTS3S ||z
5 8 8 8 ||
S SN’ _I_l_
e
= & T 7T 3
T2 aa |3
T VA
> o x <
%% <
S
((%% 4
SIS
D
> M > M

S S N N




Exercise

(Vz)(p — Q) = p — (Vo)Q(x)

(V) (p—Q(z))
=Vx)(pVRx))
="pV (V2)Q(x)

=p~> Q)




Equivalence(51E)

THEOREM

(

Distributive Law (4ECER)

G
>
<
=
Q
G

(Vo) (P(x) A Q(z)) = (V) P(
(3z)(P(z) vV Q(z)) = (3z)P(z) v (37)Q(z)

(V)
(3z)(P(z) A Q(x)) = (Fz)P(z) A (32)Q(x)

[ Are theggfm




Equivalence(&:1H)

Assuming the domain is {1, 2} and you will understand it

better.
(Vz)(P(z) V Q(x))
=(P(1)V Q(1)) A (P(2) V Q(2))
=((P(1) v Q(1)) A P(2)) V ((P(1) VQ(1)) A Q(2))
=(P(1) A P(2)) V (Q(1) A P(2)) V (P(1) AQ(2)) V (Q(1) A Q(2))
=(Va)P(z) V (V2)Q(z) V (Q(1) A P(2)) V (P(1) A Q(2))



Equivalence(&:1H)

We can change the name of bound variables.

THEOREM

(Vz)(Vy)(P(z) vV Qy)) = (Vo) P(z) V (Vr)Q(x)

(3z)(3y)(P(z) A Q(y)) = Fz)P(x) A (3)Q()

(Vo) P(z) vV (V)Q(z)

(Vx)(P(z) vV (Vy)Q(y))



Prenex Normal Form(GiZR 75 1)

Now we can convert formulas to PNF.

~((Vz)(3y) Pla, z,y) = (3z)(=(Yy)Q(y, b) = R(x)))



Prenex Normal Form(GiZR 75 1)

Now we can convert formulas to PNF.

=((Vz)(3y)P(a, z,y) — (3x)(~(Vy)Q(y,b) — R(x A Stept: eliminate arvows. ]
==(=(Vz)(Jy) P(a, z,y) V (Fz)(=~(Vy)Q(y,b) V R(z)))




Prenex Normal Form(GiZR 75 1)

Now we can convert formulas to PNF.

=((Vz)(Jy)P(a,z,y) — 3z)(~(Vy)Q(y,b) — R(x))) St@’Pi: elivainate arrows.
==(=(Vz)(Fy) P(a,z,y) V (3z) (-~ (Vy)Q(y, b) V R(x)))

Step2: move “not” Lnsiole,

=(Vz)(3y)P(a, z,y) A (Vo) ((Fy)~Q(y, b) A ~R(z))



Prenex Normal Form(GiZR 75 1)

Now we can convert formulas to PNF.

(
=—(=(Vz)(3y) P(a, z,y) V (3z)(——(Yy)Q(y, b) V R(z))

t : “wot” tnside.
(V2)(3y) Pla,,y) A (¥2)((3y)~Q(y. b) A ~R(x)) Step: move “not” nstde

~((Ve)(3y)P(a, 2, y) = Go) ((Vy)Q(y.b) = R(az)nj Stept: ellminate arrows.
)

=(Vz)((3y)P(a, z,y) A 3y)-Q(y,b) A —~R(x)) 45@}33: move quantifiers to the left.




Prenex Normal Form(GiZR 75 1)

Now we can convert formulas to PNF.

Bl
=2(=(V2)(3y) P(a, z,y) V (32)(-~(Vy)Q(y, b) V R(x))

tep: “not” tnstole,
(Vz)(3y) Pla, z,y) A (Yz)((3 Step: move “not” tnstoe

(¥2)(3y) P(a,2,y) = (32) (~(Vy)Q(y. b) - R(w)nj Stept: ellminate arrows.
)

Q(y,b) AN —R(x))

) A —R(z)) Stepz: move quantifiers to the left,

b
2,0) A —R(z)) Step4: change nawmes of bound
variables.

y)—
(Vo) ((Fy)P(a, z,y) A By)=Q(y,
(Vo) ((Fy)P(a, z,y) A (32)2Q(




Prenex Normal Form(GiZR 75 1)

Now we can convert formulas to PNF.

Bl
=(= (V:v)(ﬂy)P(afIfy) (32) (=~ (Vy)Q (y b) vV R(x))

)
Step2: move “not” inside.

=(Vx)(Jy)P(a,z,y) A (Vx)((Jy)—~Q(y,b) A =R(x))

—(v2)(Gy) Pla, z,9) A (3y)-Q(y, b) A =R(z)) Stepz: move quantifiers to the left,
=(Vz)((Jy)P(a, z,y) A (32)-Q(z,b) A —R(z)) Step4: change names of bound
=(v2)(3y) (32)(P(a, x,y) A =Q(z,b) A =R()) vartables.

Wﬂﬁem to the left. ]




Prenex Normal Form(GiZR 75 1)

Now we can convert formulas to PNF.

Bl
((Vx)(ﬂy)P(axy) (32) (=~ (Vy)Q (y b) vV R(x))

)
Step2: move “not” inside.

=(Vz)(3Fy)P(a,z,y) A (V2)((3y)-Q(y, b) A ~R(x))

—(V2)((3y)Pla, z,y) A (3y)-Q(y,b) A ~R(z)) <~ Step3: move quantifiers to the left.
=(Vz)((Jy)P(a, z,y) A (32)-Q(z,b) A —R(z)) Step4: change names of bound
= (V) (3y)(32)(P(a, z,y) A ~Q(2,b) A —R(z)) vartables.

=(Vz)(Fy)(

3z)5(a,b,2,y, 2)
Move quantifiers to the left. ]




Skolem Normal Form(Skolem#r#:/E)

can we eliminate
existential quantifier?

\




Skolem Normal Form(Skolem#r#:/E)
r DEFINITION .

A formula is in Skolem normal form if it is in prenex normal form with

only universal quantifiers.
. J

- THEOREM \

Every formula A can be converted to corresponding Skolem normal

form B. A is unsatisfiable iff B is unsatisfiable.

) This transformation does not preserve
semantics but it does preserve satisflability,
which Ls consistent with resolution method. y

~\




Skolem Normal Form(Skolem#r#EfE)

(Vz)(Jy)(3z)S(a, b, z,y, 2)

4
g aepends onx L(va:xaz)S(a, b, f(),2)

3 i Z dependls on x
b,il?,f(.flf),g(x)) J

If x doesn't depend on any
variables, we replace x with a
constant.

7

\

(Vz)(32)S(a

~

-




Exercise

(Fz)(Vy)(Vz)(Fu) (Vo) Fw)P(z,y, z, u, v, w)

(V) (V2) (Vo) P(a,y sz f(ys2) sv,8(ys2z5v))



Resolution Reasoning(J3 45 3 %)

- DEFINITION

ForformulaA=PvQand B=-PVR,R(A,B) =0 VR is aresolvent(
J94558) of A and B.
\.

~\




Resolution Reasoning(J3 45 3 %)

- DEFINITION

ForformulaA=PvQand B=-PVR,R(A,B) =0 VR is aresolvent(
J94558) of A and B.
\.

~\

P(z)vQ(z) wmp Pa)VQa) "
- = Q(a)V R(y)

~P(a) Vv R(y)



Example

(Vz)(P(z) = Q(z)) A (Vo )(Q(z) = R(z)) = (Vz)(P(z) — R(z))



Example

(¢) = R(z)) = (Va)(P(x) » R(z)) | Froveitis

Step 1. Prove lts “not” Ls
unsatisfiable.




Example

() — R(z)) A =(Vz)(P(z) — R(x)) unsatisfiable
(z) = R(2)) A (Jz)(P(z) A-R(x)) < MOVE Wot?
Lnsiole

Step 2. Convert Lt Linto
Skolemt forme.
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Step 2. Convert Lt Linto
Skolemt form
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~Q(z) V R(x)

~P(z) v Q(x)



Example

—Q(z) V R(x)

-P(x)V Q(x)

(1)-P(2) v Q(x)
(2)-Q(x) V R(x)

(3)P(a)

(4)-R(a)



Example

-Q(x) V R(x)

-P(x)V Q(x)

resolution on (1)(3)

P e e e e

-
S S S o S



Example

~Q(z) V R(x)

-P(x)V Q(x)

resolution on (1)(3)

P e e e e

-
S S S o S

resolution on (2)(5)

N

S



Example

~Q(z) V R(x)

~P(z) vV Q(z)

resolution on (1)(3)

resolution on (2)(5)

resolution on (4)(6)

P D R T

-
S S S o S S S’



Exercise

Al = (3z)(P(z) A (Vy)(D(y) — L(z,y)))
A2 = (Vz)(P(z) — (Vy)(Q(y) = ~L(z,y)))
B = (Vz)(D(z) = —Q(x))

Prove A1\ A2 = B

iERl AR A WTAEN{(PGW,D() VL) A BFRER P&V
QIV Lz, »} "B FAER DB, QB }. RHEBTFAES, #HMELHLE LR

(1) P(a)

(2) "D(y»)V L(a,y)

3) "P@)V-Q(y)VL(z,y)

(4) D&

(5) QWD |

(6) L(a,b) (2)(4) BE
(7)) Q) V~L(a,y) (13 B%
(8) 7 L(a,b) ‘ G BE

C)AN (6)(8) HE



Thanks & Questions



